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1.





$\mathcal{M}(\theta, \phi)=\min(\mathcal{M}+(\theta, \phi),$ $\mathcal{M}_{-}(\theta, \phi))$ (
Lagrange ) $\mathcal{M}(\theta, \phi)$ $\mathcal{M}_{+}(\theta, \phi)$
1950 Cassels [1], Descombes [4], S\’os [11]
$\theta,$ $\phi$ ( \theta $=\sqrt{2},$ $\phi=1/2$ ) $\mathcal{M}(\theta, \phi)$
1994 Cusick [2] So\’os
$\mathcal{M}(\theta, \phi)$ $\theta=(1+\sqrt{5})/2=[1;1,1,1, \ldots]$
$\mathcal{M}(\theta, 1/2)=1/(4\sqrt{5}),$ $\mathcal{M}(\theta, 1/\sqrt{5})=1/(5\sqrt{5})$
$\mathcal{M}(\theta, \phi)$ gap 1997
[5] $\min||q\theta+\phi||$ $\mathcal{M}(\theta, \phi)$
$\theta=(\sqrt{a^{2}+4}-a)/2=[0;a, a, a, \ldots]$ $\mathcal{M}(\theta, 1/2)=1/(4\sqrt{a^{2}+4})$ ,
$\mathcal{M}(\theta, 1/\sqrt{a^{2}+4})=1/((a^{2}+4)\sqrt{a^{2}+4}),$ $\mathcal{M}(\theta, 1/a)=1/(a^{2}\sqrt{a^{2}+4})$
$\theta$
( \theta $=\sqrt{3}=[1;1,2,1,2,$ $\ldots]$ )
[6] \mu I $\mathrm{I}|$- [9] $\mathcal{M}(\theta, \phi)$
\theta $=(\sqrt{ab(ab+4)}-ab)/(2a)=[0;a, b, a, b, \ldots]$
$\mathcal{M}(\theta, 1/2)=b/(4\sqrt{D})$ ( $a,b$ $a>b$ ) $;a/(4\sqrt{D})$ ( ),
$\mathcal{M}(\theta, 1/\sqrt{D})=a/(D\sqrt{D}),$ $\mathcal{M}(\theta, 1/d)=a/(d^{2}\sqrt{D})$ ( $d$ 1 $a$ )
$D=ab(ab+4)$ $\theta$ 2
$\phi\in \mathbb{Q}(\theta)$ $\theta,$ $\phi$ $\mathcal{M}(\theta, \phi)$




1091 1999 18-26 18
2. - $/||-$
- $j||-$ $\mathcal{M}_{-}(\theta, \phi)$
$\theta=[a_{0};a_{1}, a_{2}, ...]$
$\theta=a_{0}+\theta_{0}$ , $a_{0}=\lfloor\theta\rfloor$ ,
$1/\theta_{n-1}=a_{n}+\theta_{n}$ , $a_{n}=\lfloor 1/\theta_{n-1}\rfloor$ $(n=1,2, . . .)$
$\theta$ $k$ $Pk/q_{k}=[a_{0}$ ; $a_{1}$ , . . . , $a_{k}]$
$p_{k}=a_{k}p_{k}-1+pk-2$ $(k=0,1, ...)$ , $p_{-2}=0$ , $p_{-1}=1$ ,
$q_{k}=akqk-1+qk-2$ $(k=0,1, . . .)$ , $q_{-2}=1$ , $q_{-1}=0$
$\{\theta_{0},$ $\theta_{1}$ , . . . $\}$ $\phi$ ( )
$\phi=\theta[b_{0;}b_{1}, b_{2}, . . . , ]$
$\phi=b_{0-}\emptyset 0$ , $b_{0}=\lceil\phi\rceil$ ,
$\phi_{n-1}/\theta_{n-1}=bn-\phi n$
’
$b_{n}=\lceil\phi_{n-1}/\theta_{n-1}\rceil$ $(n=1,2, \ldots)$ .
$\phi$
$\phi=b_{0}-b1\theta_{0}+b_{2}\theta 0\theta 1^{-\cdots+(-1)}b_{k}\theta 0\theta_{1}\cdots\theta_{k}-1-(-1)^{k}\theta_{0^{\theta}}1\theta_{k-}1\phi kk\ldots$
$=b_{0}- \sum_{k=0}(-1)^{k}b_{k1}+\theta 0\theta 1\theta_{k}=b0-\sum_{k=0}^{\infty}b_{k}+1D_{k}\infty\cdots$
$D_{k}=q_{k}\theta-p_{k}=(-1)^{k}\theta_{0}\theta 1\cdots\theta k(k=0,1,2, \ldots)$
$\mathcal{M}_{-}(\theta, \phi)$ [6]
A.
$\mathcal{M}_{-}(\theta, \phi)=\lim_{narrow+}\inf\min(\infty B_{n}||B_{n}\theta+\phi||, B_{n}^{*}||B_{n}^{*}\theta+\phi||)$ ,
$B_{n}= \sum^{n}k=1b_{k}qk-1$ $B_{n}^{*}=B_{n}-q_{n-1}$
$B$ $||B_{n}\theta+\emptyset||.=B_{n}|D_{n}-1|\phi_{n}$ Bn*llBn*\theta +\mbox{\boldmath $\phi$}ll $=(B_{n}-q_{n-}1)|Dn-1|(1-$




’... , , $\overline{Q1(k),\ldots\}Qp(k)}]_{k}^{\infty}=1$ ,




1 $Q_{1}(k),$ $\ldots$ , Qp(




$a_{3n-2}=a_{3n}=1$ , $a_{3n-1}=2narrow\infty$ $(n=1,2, \ldotsarrow\infty)$
$\theta_{3n-2}=[0;2n, 1,1,2n+2,1,1,2n+4, \ldots]arrow 0$





$1,$ $\frac{3}{4}a_{12k-}1,2,1,$ $\frac{a_{12k+2}-6}{4},1,1,$\fr c \overline 1} 4}a12k+5,2]k=1\infty$
$\phi_{0}=\frac{3}{4}$ $\phi_{1}=\frac{5-3\theta_{1}}{4}$ , $\phi_{2}=\frac{5(1-\theta_{2})}{4}$ ,












$\lim_{narrow\infty}q_{3}n|D_{3n}-1|=\overline{2}$ , $\lim_{narrow\infty}q3n-1|D3n-1|=\overline{2}$ ,










$q_{3n+1}|D3n+1|= \frac{1}{2n+2}(q3n+2|D3n+1|-q3n|D3n|\theta_{3n+1})arrow 0$ $(narrow\infty)$










$arrow(\frac{1}{2}+\frac{5}{4}\cdot\frac{1}{2}-\frac{1}{2}$ . $0$) $\cdot\frac{1}{4}=\frac{9}{32}$ $(narrow\infty)$
$B_{126}^{*}n-||B_{12}*\theta-6+\emptyset n||=(B_{12n}-6-q_{1}2n-7)(1-\phi_{12n-}6)|D12n-7|$
$=(q_{1_{\wedge}^{)}n-}.6|D12n- \tau|+\frac{1}{4}q_{1}2n-7|D_{1}2n-7|-\frac{1}{2}|D12n-7|)(1-\emptyset 12n-6)$
$arrow(\frac{1}{2}+\frac{1}{4}\cdot\frac{1}{2}$ $-$ $\frac{1}{2}\cdot 0$) $(1- \frac{1}{4})=\frac{15}{32}$ $(narrow\infty)$
$B_{12n-5}||B12n-5\theta+\phi||=(B_{12n-6}+q_{1}2n-6)\phi_{1}2n-5|D12n-6|$
$=( \frac{5}{4}q12n-5|D_{1}2n-6|+\frac{3}{4}q12n-6|D12n-6|-\frac{1}{2}|D_{12n-6}|)\phi_{12n-5}$
$arrow(\frac{5}{4}\cdot 1+\frac{3}{4}$ . $\frac{1}{2}-\frac{1}{2}\cdot 0)\cdot\frac{3}{4}=\frac{39}{32}$ $(narrow\infty)$
$\circ B_{12n-5}^{*}=B_{12n-5}-q12n-6=B_{12n-}6$
$\text{ }$
$B_{12n-5}^{*}||B^{*}-5 \theta 12n+\emptyset||=B_{12n-6}||B12n-6\theta+\phi||arrow\frac{9}{32}$ $(narrow\infty)$
$B_{12n-4}||B12n-4 \theta+\emptyset||=B_{12n}^{*}-\mathrm{s}||B_{1}^{*}-3\theta 2n+\emptyset||arrow\frac{9}{32}$ ,
$B_{12n}^{*}-4||B_{12}* \theta-4+\emptyset n||arrow\frac{15}{32}$ $B_{12n-2}||B12n-2 \theta+\emptyset||arrow\frac{33}{32}$
$B_{12n-3}||B12n-3 \theta+\emptyset||=B_{12n-}^{*}2||B_{1}^{*}-2\theta 2n+\emptyset||arrow\frac{7}{32}$
$B_{12n-1}||B12n-1 \theta+\emptyset||arrow\frac{15}{32}$ $B_{12n-}^{*} \perp||B_{1}^{*}-\theta+2n1\emptyset||arrow\frac{9}{32}$
$B_{12n}||B12n \theta+\emptyset||=B_{12n+1}^{*}||B_{12n}*\theta++1\phi||arrow\frac{33}{32}$
$B_{12n}^{*}||B_{12}^{*} \theta+\phi n||arrow\frac{7}{32}$ $B_{12n+1}||B_{1}2n+1 \theta+\phi||arrow\frac{15}{32}$
$B_{12n+2}||B12n+2 \theta+\phi||=B_{12n+3}^{*}||B_{1}*\theta+2n+\mathrm{s}\psi||arrow\frac{1}{32}$
$B_{12n+2}^{*}||B^{*}2 \theta 12n++\psi||arrow\frac{7}{32}$ $B_{12n+4}||B_{1}2n+4 \theta+\phi||arrow\frac{9}{32}$
$B_{12n+3}||B12n+3 \theta+\emptyset||=B_{12n+4}^{*}||B_{12n}*\theta 4++\phi||arrow\frac{15}{32}$




$\frac{3}{4}=\theta[1;1,2,1,1,3,2,2,7,2,1,1,2,1,$ $\frac{3a_{12k+2}-2}{4},1,1,$$\frac \overline 3}{4}a12k+5,2$,
$1,$ $\frac{a_{12k+}\mathrm{s}-6}{4},1,1,$$\frac{\overline 1}{4 a_{ 2}k+11,2]_{k=1}^{\infty}$
$\mathcal{M}_{+}(\theta, \phi)=\mathcal{M}_{-}(e, \frac{3}{4})=narrow\infty 1\mathrm{i}\mathrm{r}\mathrm{n}B_{1}2n+8|D12n+7|\phi 12n+8$
$= \lim_{narrow\infty}\frac{q12n+8|D12n+7|+q_{1}2n+7|D12n+7|}{4}\cdot\frac{1}{4}\cdot(1-\theta 12n+8)$
$= \frac{1+0}{4}$ . $\frac{1}{8}=$. $\frac{1}{32}$
1.
$\mathcal{M}(e, \frac{1}{4})=\frac{1}{32}$
$\mathcal{M}(e, \frac{1}{2})=\frac{1}{8}$ $\mathcal{M}(e, \frac{1}{3})=\frac{1}{18}$ $\mathcal{M}(e, \frac{1}{5})=\frac{1}{50}$ $\mathcal{M}(e, \frac{1}{6})=\frac{1}{72}$
1. 2 $l$
$\mathcal{M}(e, \frac{1}{l})=\frac{1}{2l^{2}}$ .
$l$ $\phi$ $\theta$ ( )
–




$a_{3n-1}=a_{3n}=1$ , $a_{3n-2}=(2n-1)S-1arrow\infty$ $(n=1,2, \ldotsarrow\infty)$
$n=1,2,$ $\ldots,$ $arrow\infty$
$\theta_{3n-2}=[0;1,1, (2n+1)s-1,1,1, (2n+3)s-1, \ldots]arrow\frac{1}{2}$
$\theta_{3n-1}=[0;1, (2n+1)s-1,1,1, (2n+3)s-1,1, \ldots]arrow 1$
:
$\theta_{3n}=[0;(2n+1)s-1,1,1, (2n+3)s-1,1,1, \ldots]arrow 0$
*
23
* $.$ $e^{1/s}\text{ }$
$e^{1/s}=[1;\overline{(2k-1)_{S-1,1},1}]_{k=1}^{\infty}$
$\lim_{narrow\infty}q_{3n-}1|D3n-2|=\frac{1}{2}$ , $\lim_{narrow\infty}q\mathrm{s}_{n}-2|D_{32}n-|=\frac{1}{2}$ ,
$\lim_{narrow\infty}q_{3n}|D3n-1|=1$ , $\lim_{narrow\infty}q\mathrm{s}n-1|D3n-1|=\frac{1}{2}$ ,
$\lim_{narrow\infty}q\mathrm{s}_{n}+1|D_{3}n|=1$ , $\lim_{narrow\infty}q3n|.D\mathrm{s}_{n}|=0$
$\theta=e$ $\theta=e^{1/s}$ $\phi=1/2,1/3,1/4,$ $\ldots$
$\mathcal{M}(e^{1/s}, \phi)$
2. 2 $l$
$\mathcal{M}(e^{1/s}, \frac{1}{l})=\frac{1}{2l^{2}}$ or $0$ .
$0$ $l\leq 30$
$l$ $0$ ( $l>30$
)
$e^{1/s}$ ( $e^{1/s}$
Cf. [10] $)$ $\theta$
$\frac{e^{1/s}-1}{e^{1/S}+!}=[0;2s, 6s, 10s, . . . ]=[0;\overline{(4k-2)s}]^{\infty}k=1$ ( $s$ 2 )




$\mathcal{M}(\frac{e^{1/s}-1}{e^{1/s}+1},$ $\frac{e^{1/S}}{e^{1/s}+1})=\frac{1}{4}$ , $\mathcal{M}(\frac{e^{1/s}-1}{e^{1/}S+1},$ $\frac{1}{2})=\mathcal{M}(\frac{e^{1/s}-1}{e^{1/S}+1},$ $\frac{1}{3})=0$ ,
$\mathcal{M}(\frac{e^{2/s}-1}{e^{2/S}+1},$ $\frac{e^{2/S}}{e^{2/S}+1})=\mathcal{M}(\frac{e^{2/s}-1}{e^{2/s}+1},$ $\frac{1}{2})=\mathcal{M}(\frac{e^{2/s}-1}{e^{2/S}+1},$ $\frac{1}{3})=0$ .
REFERENCES
[1] J. W. S. Cassels, $\overline{U}ber\varliminfarrow+\infty X|\theta X+\alpha-y|$ , Math. Ann. 127 (.1954), 288-304.
[2] T. W. Cusick, A. M. Rockett and P. Sz\"usz, On inhomogeneous Diophantine approximation, J.
Number Theory 48 (1994), 259-283.
[3] C. S. Davis, On some simple continued fractions connected with $e$ , J. London Math. Soc. 20 (1945),
194-198.
[4] R. Descombes, Sur la r\’epartition des sommets d’une ligne polygonale r\’eguli\‘ere non ferm\’ee, Ann.
Sci. \’Ecole Norm Sup. 73 (1956), 283-355.
[5] T. Komatsu, On inhomogeneous continued fraction expansion and inhomogeneous Diophantine ap-
proximation, J. Number Theory 62 (1997), 192-212.
[6] –, On inhomogeneous Diophantine approximation and the $Nishi_{\mathit{0}}ka-shiokawa-\tau_{\theta,mur}a$ algo-
rithm, Acta Arith. (to appear).
[7] –, Substitution invariant inhomogeneous Beatty sequences, Tokyo J. Math. (to appear).
[8] K. R. Matthews and R. F. C. Walters, Some properties of the continued fraction expansion of
$(m/n)e^{1/q}$ , Proc. Cambridge Philos. Soc. 67 (1970), 67-74.
[9] K. Nishioka, I. Shiokawa and J. Tamura, Arithmetical properties of a certain power series, J.
Number Theory 42 (1992), 61-87.
[10] O. Perron, Die Lehre von den $Kettenb\ddot{m}chen$, Chelsea reprint of 1929 edition.









We consider the value $\mathcal{M}(\theta,\phi)=\lim\inf_{|q|arrow\infty}|q|||q\theta+\phi||$ by using the algorithm of
$\mathrm{N}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{i}_{0}\mathrm{k}\mathrm{a}$ , Shiokawa and Tamura (the $\mathrm{N}\mathrm{S}\mathrm{T}$ algorithm) for a class of pairs $\theta,$ $\phi$ . It is
known that the exact value of $\mathcal{M}(\theta,\phi)$ can be calculated if $\theta$ is apositive quadratic
irrational and $\phi\in \mathbb{Q}(\theta).$ For example, $\mathcal{M}(\theta, 1/2)=b/(4\sqrt{D})$ (a and $b$ are odd with
$a>b);a/(4\sqrt{D})$ (otherwise), $\mathcal{M}(\theta, 1/\sqrt{D})=a/(D\sqrt{D}),$ $\mathcal{M}(\theta, 1/d)=a/(d^{2\sqrt{D})}(d$
is a ciivisor of $a$ with $d\nearrow 1_{\grave{J}}$ , where $\theta=(\sqrt\frac{}{a\dot{\mathit{0}}(a\prime b\dotplus 4_{\grave{J}}}-\alpha b_{\grave{J}}/\langle^{\cap}/\prime\prime \mathrm{r}_{\cup,u}\angle a_{\grave{J}}=\lfloor\cap,\dot{\overline{\mathrm{u}}},u,$ $b$ , ... $\rfloor\rceil$
and $D=ab(ab+4)$ .
This paper reveals that the exact value of $\mathcal{M}(\theta, \phi)$ can be found even if $\theta$ is
not a quadratic irrational but aHurwitzian number, namely the continued fraction
expansion of $\theta$ is $\theta=[c0;c_{\perp,c..c_{n}}2,.,,\overline{Q_{1}(k),\ldots,Qp(k)}]_{k=1}^{\infty}$ , where $c_{0}$ is an integer,
$c_{1},$ $\ldots,$
$c_{n}$ are positive integers, $Q_{1},$ $\ldots,$ $Q_{p}$ are polynomials with rational coefficients
which take positive integral values for $k=12,$ $\ldots$ and at least one of the polynomials
is not constant. For example, $e=[2;\overline{1,2k}’, 1]_{k}^{\infty}=1’ e^{1/S}=[1;\overline{(2k-1)s-1,1,1}]_{k}^{\infty}=1$
where $s$ is an integer with $s>1$ , $(e^{1/s} - 1)/(e^{1/s}+1)=[0;\overline{(4k-2)S}]_{k=}^{\infty}\mathrm{l}$ where $s$ is
an integer with $s>1,$ $(e^{2/S}-1)/(e2/s+1)=[0;\overline{(2k-\iota)S}]_{k=}\infty 1$ . where $s$ is odd with
$s>1$ , or $\theta=[0;1,2,3, \ldots]=[0;\overline{k}]_{k=1}^{\infty}$ .
Indeed, $\mathcal{M}(e, 1/2)=1/8,$ $\mathcal{M}(e, 1/3)=1/18,$ $\mathcal{M}(e, 1/4)=1/32,$ $\mathcal{M}(e, 1/5)=$
$1/50,$ $\mathcal{M}(e, 1/6)=\mathrm{j}./72,$ $\mathcal{M}(e, 1/7)=1/98,$ $\ldots$ can be obtained. So, it is natural to
conjecture $\mathcal{M}(e, 1/l)=1/(2l^{2})$ for any integer $l>1$ . In a similar manner, one can
find that $\mathcal{M}(e^{1/S}, 1/\iota)=1/(2\iota^{2})$ if $l$ is even with $l\leq 30;\mathcal{M}(e^{1/}, 1s/\iota)=0$ or $1/(2l^{2})$
if $l$ is odd with $1<l\leq 30$ . It is conjectured that these facts are true for $l>30$ too.
It is also obtained that $\mathcal{M}((e^{1/}-S1)/(e1/s+1), e^{1/S}/(e^{1}/s+1))=1/4,$ $\mathcal{M}((e-1/s$
$1)/(e^{1/s}+1),$ $1/2)=\mathcal{M}((e^{1/S}-1)/(e^{1/s}+1), 1/3)=0,$ $\mathcal{M}((e^{2/S}-1)/(e^{2/S}+$
1), $e^{2/S}/(e^{2}/s+1))=\mathcal{M}((e2/s-1)/(e2/s+1), 1/2)=\mathcal{M}((e^{2/2}s-1)/(e/s+1), 1/3)=$
$0$ , and $\mathcal{M}(\theta, (\theta+1)/2)=\mathcal{M}(\theta, 1/2)=\mathcal{M}(\theta, 1/3)=0$ when $\theta=[0;1,2,3, \ldots]$ . But
$\mathcal{M}(\theta, (\theta+1)/2)=1/4$ and $\mathcal{M}(\theta, 1/2)=\mathcal{M}(\theta, 1/3)=0$ when $\theta=[0;2,4,6, \ldots]$ .
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